The dynamic Stark shift results from the interaction of an atom with the electromagnetic field. We show how a propagating single-photon wave packet can induce a time-dependent dynamical Stark shift on a two-level system (TLS). A non-perturbative fully-quantum treatment is employed, where the quantum dynamics of both the field and the TLS are analyzed. We also provide the means to experimentally access such time-dependent frequency by measuring the interference pattern in the electromagnetic field inside a one-dimensional (1D) waveguide. The effect we evidence here may find applications in the autonomous quantum control of quantum systems without classical external fields, that can be useful for quantum information processing as well as for quantum thermodynamical tasks.
The dynamic Stark shift results from the interaction of an atom with the electromagnetic field. We show how a propagating single-photon wave packet can induce a time-dependent dynamical Stark shift on a two-level system (TLS). A non-perturbative fully-quantum treatment is employed, where the quantum dynamics of both the field and the TLS are analyzed. We also provide the means to experimentally access such time-dependent frequency by measuring the interference pattern in the electromagnetic field inside a one-dimensional (1D) waveguide. The effect we evidence here may find applications in the autonomous quantum control of quantum systems without classical external fields, that can be useful for quantum information processing as well as for quantum thermodynamical tasks.
PACS numbers:
The Stark shift is a variation of the energy levels of an atom under the influence of an electric field. Originally found for a static field, the Stark effect has also been found for an atom driven by an alternating electric field [1] . This is known as the Autler-Townes effect, which is called the dynamic or AC Stark shift as well. Dynamic Stark shifts have additionally been found for the case in which an atom is perturbed by the scattering of a single monochromatic photon [2] .
The groundbreaking experimental expertise in controlling the quantum dynamics of single photons interacting with single real or artificial atoms of the last decade offers unprecedented research avenues. In particular, the advent of nano or micro one-dimensional (1D) waveguides, in the areas of semiconductor nanophotonics, of nano optical fibers and of superconducting circuits, are worth of special attention. They allow efficient propagation of wave packets, whereas keeping light-matter coupling at the single photon level, providing novel regimes as compared to cavity quantum electrodynamics or nonlinear photonic crystal scenarios. For instance, a single quantum dot inside a 1D waveguide can form an efficient single photon source [3, 4] . A single-photon wave packet can then be routed through the 1D waveguide [5] until it reaches another atom, with which it can interact [6] [7] [8] [9] [10] [11] , even inducing non-Markovian dynamics in that atom [12] . Single atoms coupled to 1D waveguides form, thus, a strong candidate for quantum communication and quantum information processing purposes [13] [14] [15] [16] [17] .
In this work, we characterize the dynamic Stark shift induced by a propagating single-photon wave packet on a two-level system (TLS). We employ a non-perturbative, analytic, fully-quantum treatment, where the quantum dynamics of both the field and the TLS are taken into account. We also evidence how that time-dependent frequency shift can be measured from the interference pattern in the field coming from the waveguide.
The dynamics of the composite system is unitary, governed by the total Hamiltonian A two-level system (sketched in the blue full circle), described by states |g and |e , is placed inside a one-dimensional waveguide. A right-propagating single-photon packet (exponentialshaped red line) is sent through the waveguide to interact with the TLS. The spatial spread of the photon packet is c∆ −1 , where c is the speed of light inside the waveguide and ∆ is the spectral linewidth of the pulse. During its interaction time with the TLS, the photon packet modulates the TLS transition frequency in time, ω0 → ωs(t). After the photon has interacted with the atom it can be reemitted forward (through channel a) or backwards (channel b), being measured by the respective photodetectors. Both the dynamics of the TLS and the electromagnetic field are addressed by means of a non-perturbative fully-quantum approach. H field . Here, H system = ω isol σ + σ − is the Hamiltonian of the isolated TLS, in which σ − = σ † + = |g e|. The TLS ground (resp. excited) state is denoted by |g (resp. |e ), as sketched in Fig.1 . The Hamiltonian of the 1D free field modes that propagate forwards a ω and backwards b ω , with frequency ω, inside the waveguide reads
The TLS-field interaction Hamiltonian, in the dipole and rotating-wave approximations, is given by [18] 
, in which x s is the position of the TLS, k ω = ω/c is the wavevector modulus, c is the speed of light inside the waveguide, g ω is the coupling rate and H.c. denotes the Hermitian conjugate. Ref. [18] arXiv:1704.06483v1 [quant-ph] 21 Apr 2017 also provides a detailed analysis of the waveguide mode area A, i.e. its effective transverse cross section, and its influence on g ω ∝ 1/ √ A. The reference frame is set so that x s = 0. We are interested in the zero-and one-excitation subspace, as described by the normalized pure state of the global TLS-plus-field system, |ξ(t) = c 0 |g, 0 +ψ(t)|e, 0
where |0 is the vacuum state of the field. The excited-state population of the TLS is |ψ(t)| 2 . The amplitude c 0 is static and we choose c 0 = 0. The real-space representation of the field reads [12] 
for the a ν modes. It represents the probability amplitude that the photon is found at position x, at time t, propagating forwards. For the b ν modes, one substitutes k ν for −k ν as the photon propagates backwards. A continuum of frequencies is assumed for the 1D environment, ν → dνρ 1D , so the flat spectral density of guided modes is named ρ 1D .
We analytically solve the Schrödinger equation i ∂ t |ξ(t) = H|ξ(t) to find the dynamics of the composite TLS-plus-field system. Because the hamiltonian H conserves the number of excitations, |ξ(t) is still restricted to the single-excitation subspace. The self interaction of the TLS mediated by the electromagnetic reservoir imposes a Lamb shift,
where P stands for the principal part. So, the effective frequency of the TLS becomes ω 0 = ω isol + ω Lamb . The continuum of frequency modes imposes a vacuum-induced decay rate to the TLS, Γ 1D = 4πg 2 ω0 ρ 1D , in the Wigner-Weisskopf approximation.
For a general input photon packet the excited-state amplitude dynamics is found to be ψ(t) = ψ(0)e
2 +iω0 (t−t ) dt . Hence, the excited-state amplitude is driven by the value of the initial photon packet at the position of the atom. This represents a state of the field that is out of thermal equilibrium.
We now analyze the reduced TLS dynamics. Our aim is to identify the dynamic shift of the TLS frequency, ω 0 → ω s (t), induced by the out-of-equilibrium quantum state of the electromagnetic environment, represented by a propagating single-photon packet. That is evidenced by a non-perturbative treatment, where the reduced dynamics of the TLS is rewritten in the form of an exact master equation, which happens to be in a Lindblad form. Such reduced dynamics of the TLS is directly obtained by tracing out the field variables, ρ s (t) = Tr field {|ξ(t) ξ(t)|}. In close analogy to the procedure of Ref. [19] , we show that ρ s (t) obeys the following master equation,
where
and
, .} being the anticommutator. In Eq.(2), the TLS timedependent frequency induced by the single-photon packet is defined by
and the time-dependent decay rate induced by the quantized field is defined by Γ(t) ≡ −2 Re[∂ t ψ(t)/ψ(t)]. These expressions provide the analytical means by which one can obtain both the unitary and non-unitary parts of the TLS reduced dynamics. The former is driven by the effective TLS Hamiltonian H s (t) and the latter, by the effective Lindbladian L t . Both terms have the same physical origin, namely, the interaction of the TLS with the 1D continuum of modes of the electromagnetic field, in which a single-photon packet state can be initially prepared.
The time-dependent TLS frequency evidenced by the master equation (1) has a sound physical meaning. A propagating photon pulse represents out-of-equilibrium fluctuations of the electric field amplitude in time and space. Since the TLS-field interaction H int is given by means of a dipole coupling, a change in the electric field may stretch and contract the TLS dipole, inducing the time-dependent Stark shift effect. To make this statement more precise, we can show that ∂ t ω s (t) = (1/2) ∂ t H int (t) /|ψ(t)| 2 , where H int (t) = ξ(t)|H int |ξ(t) . So, the time variation of the TLS frequency is related to the time variation of the average dipole interaction energy, as intuitively expected. In particular, if the average interaction energy is zero, the TLS frequency becomes static, ∂ t ω s (t) = 0. We have found that H int (t) = 2 g ω0 Im[φ (a) (0, t)ψ * (t)], which vanishes if the phase of the field amplitude is equal to the phase of the TLS excited-state amplitude.
An explicit expression for ω s (t) has been found for the particular case where the incident photon packet is prepared by means of a spontaneous emission from another TLS, of frequency ω L and linewidth ∆. In that case, the field amplitude has an exponential profile [6, 12] 
∆ is a normalization factor and Θ(x) is the Heaviside step function. The packet spectral linewidth is characterized by ∆, hence the typical time duration of the pulse is ∆ −1 . The central frequency of the packet is ω L , that corresponds to the transition frequency of the emitter. We define a static detuning δ = ω L − ω 0 . In addition, we choose ψ(0) = 0 and φ (b) (x, 0) = 0 to find
. In that case, the time-dependent frequency reads
The function ω s (t) is plotted in Fig.2 . Three regimes are presented. The blue curve stands for a highly detuned δ = 5 and long packet (small linewidth) ∆ = 0.1 (in Γ 1D = 1 units). We see highly oscillatory frequency shifts. The black curve stands for a low detuning δ = 0.1 and short packet (large linewidth) ∆ = 5. The small duration of the pulse does not leave time enough for any shift to be seen. In addition, the almost resonant photon cannot induce a significant shift in the TLS transition. The red curve stands for intermediate detuning δ = 3 and linewidth ∆ = 0.9. There we see the highest peaks in the dynamic shift. In all the cases, we have chosen ω 0 = 10 6 Γ 1D . Eq. (4) shows that the curve shape does not depend on ω 0 , apart from a multiplicative factor. For realistic quantum dots in photonic nanowires [3] the order of magnitude of the shift is ∼ 10 −3 % × ω 0 = 10 −3 % × 10 6 Γ 1D = 10 Γ 1D ∼ 10 3 MHz, since Γ 1D ∼ 10 2 MHz and ω 0 ∼ 3 × 10 6 Γ 1D = 300 THz. In other words the shift, ω s (t)−ω 0 , can be 10 times bigger than the transition line resolution, Γ 1D . The parameters of Refs. [6, 9, 11, 20, 21] all give rise to the same order of magnitude for the shifts, i.e., ω s (t) − ω 0 ∼ 10 Γ 1D . Analytically, from Eq.(4), we see that ω s (t) − ω 0 is an odd function of the detuning δ. Thus, at zero detuning, δ = 0, the time-dependent frequency becomes ω s (t) = ω 0 . Under the mode-matching condition, ∆ = Γ 1D , the Stark shift also becomes time independent, ω s (t) = ω 0 + δ/2. For a long packet (∆ Γ 1D ), the time dependency rapidly vanishes, so the photon also induces only a static frequency shift in the TLS, ω s (t) → ω 0 + δ. Therefore, the TLS frequency becomes equal to the photon central frequency, ω s (t) ≈ ω 0 + δ = ω L . The intuitive explanation for this result in the long packet regime relies in the fact that the atom approximately behaves as a dielectric medium, in the sense that its dipole oscillates at the same frequency of the pumping field. The atom dipole is proportional to the TLS excited-state amplitude, which becomes approximately ψ(t) ∝ exp[−(∆/2+iω L )t], making it clear that the central frequency of the TLS is ω L in the ∆ Γ 1D limit. In this case, the outgoing photon will have the same frequency as the incoming one. Note that, although the shift increases linearly with the detuning, its impact on the field observables decay as ∼ 1/(Γ 2 + 4δ 2 ), as discussed below Eq.(5). For the short packet (∆ Γ 1D ) regime, we see that, again, the timedependent frequency becomes static, ω s (t) ≈ ω 0 .
The output channels of the waveguide that establishes the 1D electromagnetic environment give information about the TLS dynamics, if one takes the perspective of seeing such TLS dynamics as a photon absorption-(re)emission process. At channel b, for instance, the field amplitude φ (b) (x d , t) at the position of the detector x d < 0 at time t is directly proportional to the excited state amplitude, 6 Γ1D and Γ1D = 1. In the case of realistic quantum dots in photonic nanowires [3] , Γ1D ∼ 10 2 MHz and ω0 ∼ 3 × 10 6 Γ1D = 300 THz. In such more realistic scenario the shift can be of the order of ωs(t) − ω0 ∼ 10 −3 % × ω0 = 10 Γ1D ∼ 10 3 MHz. By repeating the analyzes for the parameters of Refs. [6, 9, 11, 20, 21] , we always find |ωs(t) − ω0| ∼ 10 Γ1D, in each case.
the intensity I b (t) of the electric field at the detector, is
The signature of the time dependency of ω s (t) appears on the field φ (b) (x d , t). By writing ψ(t) = |ψ(t)| exp iθ(t) and using Eq.(3), one promptly shows that ω s (t) = −∂ t θ(t). By the linearity of the field amplitude with respect to the excited-state amplitude, the phase of the field is given by θ b (t) = θ(t), so that ∂ t θ b (t) = ∂ t θ(t). Because φ (b) (x d , t) represents the quantum state of the electric field amplitude, the negative of the time derivative of its phase, −∂ t θ b (t), can be intuitively interpreted as an effective time-dependent color of the field ω 
eff (t) = ω s (t), i.e., the instantaneous color of the field emitted through channel b by the TLS is equal to the instantaneous transition frequency of the TLS itself. Indeed, by testing this concept for the input packet φ (a) (x − ct, 0), we see that ω in eff (t) = ω L as we should expect. In addition, the temporal modulation of ω s (t), as described by Eq.4, is very slow, ω s (t) − ω 0 ∼ δ ω 0 , for the chosen parameters. These two properties corroborate the interpretation of ω Such an effective time-dependent color is more than a theoretical assessment. This quantity can be evidenced experimentally. In channel a, there can be interference between two amplitudes, φ (a) (x > 0, t) = φ tive frequency ω L . The amplitude √ βψ(t − x/c) represents the packet emitted through channel a by the TLS dipole, that is symmetric with respect to the amplitude emitted through channel b, therefore carrying an effective frequency ω s (t), as well. Interference will depend on a frequency matching between these two frequencies.
To make that clear, we write the intensity on channel a, I a (t) = |φ (a) (|x d |, t)| 2 as an explicit function of ω L and ω s (t),
where I 0 (t) = |φ (a) (|x d | − ct, 0)| 2 is the intensity of the input field. We call to attention the fact that, in the monochromatic (long photon) regime, ∆ Γ 1D , we have that
2 ) and I a /I 0 = 4δ
2 ). Therefore, at resonance, ω s (t) = ω 0 = ω L , full reflection of the photon is recovered, I b /I 0 → 1 and I a /I 0 → 0, as predicted by other approaches to a similar scenario in the literature [8, 22, 23] . Far-off-resonance, the photon is completely transmitted, I b /I 0 → 0 and I a /I 0 → 1, as expected. The difference of the signals, (I a −I 0 )−I b is plotted in Fig.3 , as a function of time. The parameters of the plots (a), (b) and (c) respectively correspond to the parameters of the curves black, blue and red from Fig.2 . In all plots, the full lines represent the the case in which the correct time-dependent frequency ω s (t) is taken into account, whereas the crosses represent the case where ω s (t) is incorrectly approximated by the static frequency ω 0 , showing a visible difference that can be measured from the field interference pattern. This difference is much less pronounced in (a) and (b). Plot (a) corresponds to the low detuned (δ = 0.1) short packet (∆ = 5). The close-to-resonance condition imposes almost no shift, as evidenced by the coincidence between the curves. Plot (b) corresponds to the highly detuned (δ = 5) long packet (∆ = 0.1). In that case, the measurement of the theoretically predicted difference would demand very high experimental precision, since (I a − I 0 ) − I b ∝ −2∆Γ 2 ). Plot (c) corresponds to the intermediate detuning (δ = 3) and linewidth (∆ = 0.9), in which case the contrast is most visible.
In conclusion, we have found a dynamical change in the TLS transition frequency induced by a propagating single-photon wave packet, which represents a realistic out-of-equilibrium initial quantum state of the field. The time-dependence of the dynamics of the Stark shift is found as a function of the parameters of the packet, such as the linewidth and the central frequency. The effect we evidence here is measurable in a field interference experiment. A very timely perspective opened by this paper is the possibility of an autonomous control of the TLS frequency, without the need for external classical apparatuses. In Ref. [24] , the authors experimentally control an artificial atom frequency by means of a strain-mediated coupling with a mechanically oscillating 1D waveguide. We would like to investigate whether the dynamical Stark shift induced by a single-photon packet is able to drive oscillations in the mechanical degree of freedom of that hybrid optomechanical system, which could function as a storage for quantum work [25] , harvested from the pho-
